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Phantom k-essence cosmologies
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We devise a method to obtain a phantom version of FRW k-essence cosmologies with homoge-
neous k-fields by applying form-invariance transformations. It can be seen that the transformation
performs the maps H → H and ρ + p → −(ρ + p), which in turn give γ → γ and a → a−1. The
discussion is presented in a general setup, valid for FRW k-essence cosmologies, and then we discuss
power-law solutions for illustration purposes. First, we deal with models such that the gradient of
the k-field is not constant, which include standard and generalized tachyon cosmologies. We con-
centrate on the usual tachyon and show the phantom symmetry involves a change in the potential
and that it generates an extended super-accelerated tachyon field. Then, we turn our attention to
models for which the time derivative of the k-field is not constant, and we show the transformation
can be implemented without changing the potential at all.
I. INTRODUCTION
Observational data provided by the WMAP mission
[1] seem to have confirmed the existence of an epoch
of accelerated expansion in the early universe. In ad-
dition, according to observations of distant supernovas
[2], also the universe at present is expanding with accel-
eration. The idea that some kinds of scalar fields could
be the agents driving those two periods of expansion is
widely accepted. Those fields are described by effective
theories which, in general, include in their lagrangians
non-canonical terms in field derivatives, and might bring
in crucial cosmological consequences like the occurrence
of inflation even without a potential (purely kinetic ac-
celeration or k-acceleration) [3, 4, 5]. Given that the
equations of motion in all classical theories seem to be of
second order, the non-canonical terms considered in the
lagrangian will only be combinations of the square of the
gradient of the scalar field (hereafter k-field). Moreover,
since k-fields can be used for constructing dark energy
models it is common place to interpret them as some
kind of matter called k-essence [4, 6, 7]. Note, however,
that the description of late time acceleration was not the
original reason why k-fields were introduced, but rather
they were put forward as possible inflation driving agents
[3, 8]. Interestingly enough, as shown in [7], one can also
construct tracking k-essence cosmologies, although there
are dynamical systems arguments against their plausibil-
ity [9].
Lately, efforts in the framework of k-essence have been
directed towards model building using power-law solu-
tions [10, 11]. Such cosmologies may be interpreted as
universes filled with barotropic fluids with a constant
barotropic index. In this paper we address k-essence cos-
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mologies that violate the weak energy condition ρ > 0,
ρ + p > 0, but from a different perspective than ear-
lier works [12]. The models will be dubbed phantom
k-essence cosmologies following the terminology in [13].
Phantom matter can apparently be accommodated by
current observations [14], and even though the theoreti-
cal understanding of the acceptability of phantom mat-
ter is limited, we can rely on the motivation provided by
string theory [15]. Interestingly, the idea that the origin
of dark energy should be searched within a fundamental
theory, say string theory, has been recently reinforced by
the discovery that the holographic principle cannot be
used to tell whether dark energy is present or not [16].
Theoretical cosmology with phantom models has be-
come an active area of theoretical research. Sometimes
the accent is put on exact solutions [17], whereas some
others cosmological dynamics is the key subject [18].
Related to this, at present there is no consensus as to
whether a universe that violates the weak energy con-
dition should generically possess a future singularity or
big rip [19]. Now, since the idea of phantom cosmologies
is pretty new, even in such a simple setting as (single
field) FRW spacetimes many questions remain open yet.
Nevertheless, not long ago some authors ventured out of
that basic picture, and pursued generalizations such as
considering an AdS geometry [20] or introducing multiple
phantom fields [21].
Our approach to phantom k-essence cosmologies aims
at model construction too, following the line of work suc-
cessfully initiated in [23]. As customary, we will assume
the k-field is homogeneous. Two different ways to obtain
power-law k-essence cosmologies are known, depending
on whether the time derivative of the k-field is constant
or not. In the first case, the scalar field evolves linearly
with time and the potential is necessarily of the inverse
square form [6]. Power-law tachyon cosmologies [10] be-
long to this case. In contrast, in the second case, so-
lutions with arbitrary potentials and non-linear scalar
fields can be found, if one imposes they have a constant
barotropic index [11]. A nice feature of those solutions is
2the rich casuistics in the form of the field and its potential
for a fixed power-law evolution. We apply our symme-
try transformations to the two cases, and highlight the
differences and similarities between them.
II. FORM-INVARIANCE TRANSFORMATIONS
We assume our fluid is the source of a spatially flat
homogeneous and isotropic spacetime with line element
ds2 = −dt2 + a2(t)(dx21 + dx22 + dx23), (1)
where a(t) is the scale factor, and the expansion or Hub-
ble factor is defined as H = a˙/a. Here and throughout
overdoes will denote differentiation with respect to t.
Consider any two different FRW perfect fluid solutions
to the Einstein field equations a, a¯, each one generated
by energy density and pressure ρ, p and ρ¯, p¯ respectively.
The sets of differential equations that have been solved
to obtain those solutions are, in fact, different. Now,
in the framework of a long-term project [22, 23] it has
been shown that a link between those cosmological mod-
els can be established using a form-invariance transfor-
mation which uses as only input the relation between
the energy densities of the two fluids. Ours is, therefore,
an uncommon equivalence concept. The seed and trans-
formed cosmological models will be characterized by the
set of quantities {H, ρ, p} and {H¯, ρ¯, p¯} which, as usual,
represent the Hubble factor, energy density and pressure.
Each set of those quantities will satisfy the customary
Einstein equations. We will say the second set corre-
sponds to a cosmological model obtained from the seed
one through a form-invariance transformation generated
by ρ¯(ρ). Interestingly, there is one form-invariance trans-
formation [23] which preserves the energy density of the
fluid and corresponds to
H¯ = −H, (2)
ρ¯+ p¯ = −(ρ+ p). (3)
Clearly, it flips the sign of the barotropic index γ ≡
−2H˙/3H2, so in what follows we will we referring to it
as to the “phantom transformation”. Now, an expand-
ing phantom k-essence cosmology can be constructed if
we trade the initial singularity of the a solution for the
final big rip of the a¯ one.
We turn now to the specific setting of k-essence cos-
mologies with an homogeneous k-field φ derived from the
lagrangian
L = −V (φ)F (x), (4)
where x = −φ˙2. Under these hypotheses, the k-essence
can be interpreted in terms of a barotropic perfect fluid
with equation of state p = (γ − 1)ρ. The Einstein equa-
tions reduce, then, to
3H2 =
V F
1− γ , (5)
H˙ = xV Fx. (6)
It can also be seen that
γ = − 2xFx
F − 2xFx . (7)
A consequence of (5) and (6) is the conservation equation
(Fx + 2xFxx)φ¨+ 3HFxφ˙+
V ′
2V
(F − 2xFx) = 0, (8)
where V ′ = dV/dφ.
Finally, we get
V¯ F¯ =
1 + γ
1− γ V F (9)
by applying the phantom transformation defined by (2)
and (3).
III. PHANTOM K-ESSENCE COSMOLOGIES
ARISING FROM SYMMETRIES
In this section we will discuss the application of the
phantom transformation to power-law k-essence cosmolo-
gies.
A. Models with x = constant
It is well-known that for power-law solutions with
x = constant the potential is necessary of the form
V = V0φ
−2, with V0 a constant. F , of course, is also
constant. This is the case in power-law tachyon cosmolo-
gies, for instance. In order to avoid unnecessary compli-
cations, we will illustrate the phantom symmetry for the
usual tachyon case, but, of course, it could be equally ap-
plied to other x = constant models, like the generalized
tachyon cosmologies in [5].
For the usual tachyon one has
ρ =
V√
1− φ˙2
, (10)
p = −V
√
1− φ˙2, (11)
γ =
ρ+ p
ρ
= φ˙2, (12)
and the Friedmann equation can be cast as
3H2 =
V0
φ2
√
1− φ˙2
. (13)
Applying the phantom symmetry to (12) we get
γ¯ = −φ˙2, (14)
3H¯2 = − V¯0
φ2
√
1 + φ˙2
. (15)
3Thus, actually, (13) and (15) arise from two different
lagrangians. Note also that the sign of the square of the
time derivative of the k-field gets reversed in the phantom
transformation.
Now, the requirement that the energy density gets pre-
served enforces
V¯0 = −V0
√
1 + φ0
2√
1− φ02
, (16)
where we have put φ = φ0t with φ0 a constant. Let us
see how this corresponds to the map a → a−1. Using
(12) and (13) and recalling a ∝ t2/3γ , after some algebra
we arrive at the result
γ =
2
1 +
√
1 + 9V 20 /4
. (17)
For the transformed solution we must take a¯ ∝ t2/3γ¯ and
φ¯ = φ¯0t with φ¯0 a constant. Straightforward calculations
which involve (14) and (15) give
γ¯ =
2
1−
√
1 + 9V¯ 20 /4
. (18)
Finally, if we insert (16) back into (18) and do some more
algebra, we see γ¯ = −γ.
B. Models with x 6= constant
Let us first review how power-law models are obtained
in this case. The conservation equation for γ = constant
can be readily integrated to give
V F =
ρ0
a3γ
, (19)
where a ∝ t2/3γ and ρ0 a constant. If (7) is viewed as a
differential equation for F (x), one can solve to yield
F (x) = (−x)γ/2(γ−1). (20)
Note that in this case we would not have to make any
requirement on the form of V , unless we wished to ob-
tain φ(t) explicitly on using (19) and (20). Nevertheless,
any F like (20) will give a power-law solution for every
potential.
Let us assume now that V does not change (V¯ = V ),
because power-law solutions in this case are obtained
without making any assumption on V , as we just showed.
We are going to deduce now the x¯(x) rule necessary to
implement the phantom symmetry. Since we are look-
ing for new power-law solutions, it is admissible, with
the requirement of form-invariance, to assume from the
beginning
F¯ = (−x¯)γ¯/2(γ¯−1). (21)
Combining (21) with (9), and using γ¯ = −γ, we get
˙¯φ 2 =
(
1 + γ
1− γ
)2(γ+1)/γ
φ˙2(γ+1)/(γ−1) (22)
The latter is, in fact, a very interesting result. In stan-
dard scalar field theories, the phantom transformation
can be implemented just by Wick rotating the field
[23], and that was also the case in tachyon cosmology,
as shown in the previous section. In contrast, in the
x 6= constant case, the transformation rule for the field,
as given by (22), is not so simple and does not include
the Wick rotation as a particular case either.
IV. CONCLUSIONS
As part of a long-term project [22, 23] we have shown
here that form-invariance transformations can be used
as tools for generating new exact solutions to the Ein-
stein field equations. In particular, we have applied the
method to the obtention of phantom versions of FRW k-
essence cosmologies, with an accent on power-law space-
times. The discussion has been presented in a general
setup, valid for FRW k-essence cosmologies, and we have
only discussed power-law models for illustration pur-
poses.
Specifically, we have been concerned with two fami-
lies of such solutions, namely, those corresponding to
a scalar field (k-field) with constant and non-constant
time derivative respectively. In broad terms, it can be
seen that the transformation flips the sign of both the
barotropic index and the Hubble factor. Then, if the
initial singularity of the seed solution is identified with
the final big rip of the transformed one, an expanding
phantom universe is obtained.
Interestingly enough, we have shown that in the x =
constant cases implementation of the phantom transfor-
mation requires a change in the potential. In the par-
ticular case of the tachyon, a sign reversal in the square
of the time derivative of the scalar field is also needed;
not surprisingly, perhaps, this is exactly the same rule
as for standard scalar field cosmologies. Note also that
the usual tachyon is a k-essence model with F =
√
1 + x,
whereas the phantom tachyon falls into a different cate-
gory within k-essence models, because it corresponds to
F =
√
1− x. In contrast, in the x 6= constant case, the
phantom transformation can be realized without chang-
ing the potential, but the transformation rule for the
scalar field is not as simple as the previous case.
Summarizing, we have given a neat prescription for
generating phantom k-essence cosmologies, and we have
shown that, against what one can naively expect, in some
cases a simple φ˙2 → −φ˙2 map does not do the job. Nev-
ertheless, we believe the subject deserves further inves-
tigation, and even though we have concentrated here on
power-law spacetimes, hopefully we will widen our scope
in the future to address other cases.
4ACKNOWLEDGMENTS
We are grateful to Alexander Feinstein and Alberto
Dı´ez Tejedor for conversations. LPC is partially funded
by the University of Buenos Aires under project X223,
and the Consejo Nacional de Investigaciones Cient´ıficas
y Te´cnicas. JMA and RL are financially endorsed by
the University of the Basque Country through research
grant UPV00172.310-14456/2002. JMA also acknowl-
edges support from the Spanish Ministry of Science and
Technology through research grant BFM2000-0018. RL
is also is supported by the Basque Government through
fellowship BFI01.412, the Spanish Ministry of Science
and Technology jointly with FEDER funds through re-
search grant BFM2001-0988.
[1] C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003);
E. Komatsu et al.,Astrophys. J. Suppl. 148, 119 (2003);
G. Hinshaw et al., Astrophys. J. Suppl. 148, 135 (2003);
D. N. Spergel et al., Astrophys. J. Suppl. 148, 175 (2003);
H.V. Peiris et al., Astrophys. J. Suppl. 148, 213 (2003).
[2] A.G. Riess, Astron. J. 116, 1009 (1998); Astrophys. J.
517 565 (1999).
[3] C. Armenda´riz-Pico´n, T. Damour, and V. Mukhanov;
Phys. Lett. B 458, 209 (1999); A.G. Riess,
astro-ph/0402512.
[4] R.J. Scherrer, astro-ph/0402316.
[5] L.P. Chimento, astro-ph/0311613.
[6] T. Chiba, T. Okabe, and M. Yamaguchi, Phys. Rev. D
62, 023511 (2000); M. Malquarti, E.J Copeland, A.R.
Liddle, and M. Trodden, Phys.Rev. D 67, 123503 (2003).
[7] C. Armenda´riz-Pico´n, V. Mukhanov, and P.J. Stein-
hardt, Phys. Rev. Lett. 85, 4438 (2000); C. Armenda´riz-
Pico´n, V. Mukhanov, and P.J. Steinhardt, Phys. Rev. D
63, 103510 (2001) ; T. Chiba, Phys. Rev. D 66, 063514
(2002).
[8] J. Garriga and V.F. Mukhanov, Phys. Lett. B 458, 219
(1999).
[9] M. Malquarti, E.J. Copeland, and A.R. Liddle, Phys.
Rev. D 68, 023512 (2003).
[10] T.Padmanabhan; Phys.Rev. D 66, 021301 (2002); A. Fe-
instein, Phys. Rev. D 66, 063511 (2002).
[11] L.P. Chimento and A. Feinstein, astro-ph/0305007; L.P.
Chimento astro-ph/0311613.
[12] D.J. Liu, X.Z. Li, Phys. Rev. D 68, 067301 (2003); S.
Nojiri and S. Odintsov, Phys. Lett. B 571, 1 (2003); P.F.
Gonza´lez Dı´az, astro-ph/0312579.
[13] R.R. Caldwell, Phys. Lett. B 545, 23, (2002); G.W. Gib-
bons, hep-th/0302199.
[14] S. Hannestad and E. Mo¨rstell, Phys. Rev. D 66, 063508
(2002); P.H. Frampton and T. Takahashi, Phys. Lett. B
557 135 (2003); S.M. Carroll, M. Hoffman and M. Trod-
den, Phys. Rev. D 68, 023509 (2003); A. Melchiorri,
L. Mersini, C.J. Odman, and M. Trodden, Phys. Rev.
D 68, 043509 (2003); J.S. Alcan˜iz, astro-ph/0312424;
J.A.S. Lima, J.V. Cunha, and J.S. Alcan˜iz, Phys. Rev.
D 68, 023510 (2003).
[15] L. Mersini, M. Bastero-Gil and P. Kanti, Phys. Rev. D
64, 043508 (2001); M. Bastero-Gil, P.H. Frampton, and
L. Mersini, Phys. Rev. D 65, 106002 (2002); P.H. Framp-
ton, Phys. Lett. B 555, 139 (2003).
[16] I. Brevik, S. Nojiri, S.D. Odintsov, and L. Vanzo,
hep-th/0401073.
[17] M.P. Da¸browski, T. Stachowiak, and M. Szyd lowski,
Phys.Rev. D 68, 103519 (2003). S. Nojiri, S.D. Odintsov,
Phys. Lett. B 562, 147 (2003); A. Feinstein, S. Jhingan,
hep-th/0304069; H. Stefancic, astro-ph/0310904,
[18] P. Singh, M. Sami, and N. Dadhich, Phys. Rev. D 68,
023522 (2003); J.G. Hao and X.Z. Li, Phys. Rev. D 68,
083514 (2003); V.B. Johri, astro-ph/0311293.
[19] R.R. Caldwell, M. Kamionkowski, N.N. Weinberg,
Phys. Rev. Lett. 91, 071301 (2003); A. Yurov,
astro-ph/0305019; P.F. Gonza´lez-Dı´az, Phys. Rev. D
68, 021303 (2003); M. Sami and A. Toporensky,
gr-qc/0312009, J.G. Hao, X.Z. Li, astro-ph/0309746; V.
Sahni and Y. Shtanov, J. Cosm. Astro. Phys. 0311, 014
(2003).
[20] E. Elizalde, J. Quiroga Hurtado, Mod. Phys. Lett. A 19,
29 (2004).
[21] X.Z. Li and J.G. Hao, hep-th/0303093.
[22] L. P. Chimento, Phys. Rev. D 65, 063517 (2002); J. M.
Aguirregabiria, L. P. Chimento, A. S. Jakubi, and R.
Lazkoz, Phys. Rev. D 67, 083518 (2003).
[23] L.P. Chimento and R. Lazkoz, Phys. Rev. Lett. 91,
211301 (2003).
